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Abstract 



This paper gives embedding theorems for a very general class of weighted 
Bergman spaces: the results include a number of classical Carleson em- 
bedding theorems as special cases. The little Hankel operators on these 
Bergman spaces are also considered. Next, a study is made of Carleson 
embeddings in the right half-plane induced by taking the Laplace trans- 
form of functions defined on the positive half-line (these embeddings have 
applications in control theory): particular attention is given to the case 
of a sectorial measure or a measure supported on a strip, and complete 
necessary and sufficient conditions for a bounded embedding are given in 
many cases. 

Keywords. Hardy space, weighted Bergman space, Laplace transform, Car- 
leson measure 
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1 Introduction and Notation 

This paper brings together two ideas which are fundamental to the study of 
Banach spaces of analytic functions. First, there is the classical Paley-Wiener 
theorem (see, for example [19J). This asserts that the Laplace transform (re- 
spectively, the Fourier transform) provides an isometric isomorphism between 
the space L 2 (0, oo) and the Hardy space H 2 of the right-hand half plane C + 
(respectively, the upper half plane) . There are many generalizations of this re- 
sult given, as mentioned below; for example the weighted space L 2 (0,oo;dt/t) 
corresponds to the Bergman space A 2 (C+). The strongest known generalization 
of this result is to the class of so-called Zen spaces (in fact we provide a slightly 
stronger generalization below), determined by an appropriate measure v on the 
half-plane. 
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The other theme that features in this paper is the notion of a Carleson embed- 
ding. The classical Carleson theorem is to do with finding a simple condition for 
the boundedness of the canonical injection H 2 (C + ) — > L 2 (/i), where fi is a Borel 
measure on C+, and has many applications in function theory and harmonic 
analysis (again, [Jj5] is a good reference for this). The embedding theorem has 
also been generalized to the Bergman space. 

Bringing these ideas together, we characterise the boundedness of Carleson 
embeddings for the very general class of Zen spaces (subject to a necessary 
technical condition on the measure is), prove new results about the little Han- 
kel operators on these spaces, and discuss in addition those embeddings induced 
by the Laplace transform. Ultimately, this allows us to give precise results even 
in the case of LP for p ^ 2, when there is no exact generalization of the Paley- 
Wiener theorem. 

Our results have applications in terms of interpolation in certain spaces of holo- 
morphic functions and also admissibility and controllability in diagonal semi- 
groups, as outlined in Section [H (Full details will be presented elsewhere [II]). 

So, let w denote a weight function on the imaginary axis ilR, let [x be a pos- 
itive regular Borel measure on the right half plane C+ and let 1 < p, q < oo. 
Embeddings of the form 

l%,(iR)^L«(C+, t i), (1) 

where a locally integrable function / on the imaginary axis iM is mapped to its 
Poisson extension on the right half plane C+, are known as Carleson embed- 
dings, and have been much studied in the literature. In linear control, another, 
related class of embeddings plays an important role, namely embeddings of the 
form 

roc 

■H P s w (0,oo)^L«(C + ,v,), f^Cf= e-*7(t)dt, 

Jo 

given by the Laplace transform C. Here, w denotes the Sobolev space of 
index (3 and weight w: the case (3 = corresponds to a weighted LP space. We 
shall refer to such embeddings as Laplace-Carleson embeddings. 
In the easiest case, /3 = 0, w = 1 and p = q = 2, the Laplace transform 
maps %oi(K+) = L 2 (R + ) isometrically up to a constant to -ff 2 (C+), which is 
a closed subspace of L 2 (iM), and we only have to deal with the unweighted 
classical Carleson embedding theorem for p = 2. This can be found in many 
places, for example, [7], [19] . 

Theorem 1.1 (Carleson embedding theorem) Let n be a positive regular 
Borel measure on the right half plane C+ . Then the following are equivalent: 

1. The natural embedding 

HP(C+)^L/(C + , t M) 
is bounded for some (or equivalently, for all) 1 < p < oo. 
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2. There exists a constant C > such that 

\k x (z)\ 2 dfi(z) < C\\k x f H2 for all A G C+, 



+ 



where k\(z) = for A, z G C+. 



5. 



l^(Ql) < C|/| /or aZZ intervals I C iR, 

where Qi denotes the Carleson square Qi = {z = x + iy G C + : G 
7,0 < x < |/|}. 

In £/zis case, /i is called a Carleson measure. 

A further relatively easy case is p = q = 2 and w a power weight, w{t) = t a 
with a < 0. This case corresponds to the classical embedding theorem for 
standard weighted Bergman spaces on the half plane by Duren, see e.g. [3]. 
For more general weights w, the Laplace-Carleson embedding corresponds to 
a new embedding theorem for weighted Bergman spaces A 2 on the half plane 
with a translation-invariant measure u, which is the subject of Section [2j 
In the case of general 1 < p, q < oo, p > 2, the Laplace-Carleson embeddings 
are very subtle even in case that w = 1, due to the oscillatory part of the Laplace 
transform integral kernel. A general characterization seems out of reach at the 
moment, but with additional conditions on the support of the measure fi, a full 
characterization can sometimes be given. This is the content of Section O 
Some applications are outlined in Section |H 

The reproducing kernel functions for H 2 (C + ) are denoted by k\, A G C+, where 
M^) = for z G C +> and satisf y /( A ) = (Ma) for / G H 2 (C + ). Note 

that \\k\\\ 2 = 4?r ^ e A . We will also frequently use the Poisson kernel 

1 y 

P\(t) = T — -rg, = x + iy G C+, t G R), 

7r x z + [y — ty 

which is related to the reproducing kernel k\ by 

^J_|/c A (it)| 2 = Px (t) for i G R. 



2 Embedding theorems for weighted Bergman spaces 

In this section, we will be interested in embeddings 

where Av(C+) is a weighted Bergman space defined below and v is a translation- 
invariant positive regular Borel measure on C+, that is, v = v ® A, where A 
denotes Lebesgue measure and v is a positive regular Borel measure on [0, oo). 
This corresponds to the case of radial measures on the unit disc. 
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The investigation of such embeddings has a long history, starting with [3] for 
the case of the standard weighted Bergman space on C+ with dv(t) = t p dt for 
P > —1, respectively the standard weights (1 — \z\)P on the disc. Oleinik [2U] 
observed already in 1974 that for measures p(t)dt, where the weight p decreases 
very fast towards t = 0, such as p(t) = e _1 /' 1+7 , 7 > 0, it is not sufficient to 
compare the weights of Carleson squares p(Qi) and v{Qi) (or equivalently, to 
compare the measures of Euclidean balls D centered on the imaginary axis). 
Instead, in the example above one has to consider the measures of Euclidean 
balls away from the imaginary axis, 



(1 + Rez)' 

for z G C+. Roughly speaking, the faster the weight p(t) decreases for t — > 0, 
the smaller the radius of the ball D z in relation to the distance of z to the 
imaginary axis, and the more detailed information on the measure p is required. 
Recently, necessary and sufficient conditions have been found for the case even 
faster decreasing weights p(t), such as double exponentials 21]. Our aim in this 
section is somewhat different: we want to find a class of measures v as large 
as possible, for which a characterisation in terms of Carleson squares, and in 
terms of testing on powers of reproducing kernels k z , z G C+, is possible. 
Our approach relies on a dyadic decomposition of the half-plane adapted to the 
measure which is somewhat technical, but has the advantage that no smoothness 
or continuity properties of the measure are required. Clearly, we need a growth 
condition on v in and the most natural condition to impose is the well-known 
(A2) (doubling) condition at 0. 

One motivation to treat this general setting, apart from the interest of Carleson- 
type embedding theorems in their own right, is to obtain Laplace-Carleson 
embedding theorems on a large class class of weighted spaces L^(0, 00) (see 
Theorem 12.41 below) . which are important in Control Theory. This is exploited 
in |14] . On the other hand, the general embedding theorem makes it also 
possible to study other important operators of analytic function spaces, such 
as Hankel operators and Volterra-type integration operators, in a more general 
setting. Such operators on weighted Bergman spaces for various classes of 
weights have for example been studied in [16], pQ and recently in [21) . [6]. As 
an example of this type of application, we study little Hankel operators on Zen 
spaces in Subsection | 



2.1 Carleson measure on Zen spaces 

Let v be a positive regular Borel measure on [0, 00) satisfying the following 
(A2)-condition: 

fl:= SU p%^<oo. (A 2 ) 

This is sometimes referred to as a doubling condition, and such measures have 
been studied in the theory of harmonic analysis and partial differential equations 
for many years (an early reference is |23j). Let v be the positive regular Borel 
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measure on C+ = [0, oo) x K given by dv = dv(& d\, where A denotes Lebesgue 
measure. In this case, for 1 < p < oo, we call 

A p = if : C+ -> C analytic : sup I \f{z + e)\ p dv{z) < oo 1 
I £>0 Jc+ J 

a Zen space on C+. If ^({0}) > 0, then by standard Hardy space theory, / has 
a well-defined boundary function / G L p (iM), and we can give meaning to the 
expression J^— \f(z)\ p dv(z). Therefore, we may write 



Al 



_!/CiN/W:)'"' 

C+ 



Note that this expression makes sense in the case that ^({0}) = (e.g. the 
Bergman space), since / is still defined u-a.e. on C+. Clearly the space A 2 V is a 
Hilbert space. 

Well-known examples of Zen spaces are Hardy space H P (C + ), where v is the 
Dirac measure in 0, or the standard weighted Bergman spaces A p a , where dv{t) = 
t a dt, a > —1. Some further examples constructed from Hardy spaces on shifted 
half planes were given by Zen Harper in |10t lllj . Note that by the (A2)- 
condition, there exists N G N such that G A v v for all A G C+ and all 
1 < p < 00. Here is our Embedding Theorem for Zen spaces. 

Theorem 2.1 Let 1 < p < 00, let Af, be a Zen space on C+ ; with measure 
v = v A as above, and let [i be a positive regular Borel measure on C+ . Then 
the following are equivalent: 

1. The embedding A\, <^-» L p (C+,/i) is well-defined and bounded for one, or 
equivalently for all, 1 < p < 00. 

2. For one, or equivalently for all, 1 < p < 00, and some sufficiently large 
N G N, there exists a constant C p > such that 

\(k x (z)) N \ p dfi(z) <C P I \{k x {z)) N \ p dv{z) for each A G C+. (2) 

c+ Jc+ 

3. There exists a constant C > such that 

fJ-iQi) < Cu{Qi) for each Carleson square Qj. (3) 

Proof: The implication (1) =>• (2) for fixed p is immediate. 
For the implication (2) => (3), we use a standard argument using the decay of 
reproducing kernels. Given an interval I in iR, and let A denote the centre of 
the Carleson square Qi. Note that 

'^'^' £ (2^(4 1 ReA)« f °" 6ft - 

Hence 

\(k\{z)) N \ p dfi{z) > {8x)pN l ReX)pN KQl)- 
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It only remains to estimate f c+ \ (k\{z)) N \ p dv(z) in terms of u(Qj). Let R be 
the constant from the (A2)-condition. 

For k £ N, let 2 k I denote the interval with the same centre as I and the 2 k fold 
length. By the (A 2 )-condition, v(Q 2kI ) < R k 2 k v(Q I ). Note that 

\(k x (z)) N \ < * — for 2 G Q 2 k I \Q 2 k-ii- 



{2tt) n (2 fc " 1 ReA) 



Hence 



1^11^ 



2 fe lT 



oo , ^ 1 \ P 11°° 

< Y,v(Q2*i) [j^Nj^T^xyr) ^ "(Qi) ( 2vr )P^V (Re A) iv P Yl 2 (fc-l)ATp • 

/c — fe — 

Choosing iV sufficiently large, depending on i?, we find that the sum on the 
right converges to a constant K^, P depending on ./V and p. Hence 

(8^(ReA)^ M9/) -X \mz)) N \ p dn(z)<C p J c \(k x (z)) N fdu(z) 

= C p K N , P(2 l )pN {Re \ )Np ^Qi), W 

and we obtain n(Qi) < Cn, p v(Qi), with a constant Cn iP depending only on iV 
and p (and hence on the (A2)-condition constant R). 
(3) (1): 

Our strategy is to deduce the boundedness of the embedding from the classical 
Carleson Embedding Theorem via a suitable decomposition. 
Suppose for the moment that ^({0}) = and that there exists a strictly in- 
creasing sequence (a n ) ngZ in such that 

1. There exists 1 > c > with 

° n+1 ~ an > c for all neZ; (5) 
a-n+i 

2. 

(2Rfv([a n -i,a n )) > v{[a n ,a n +i)) > 2i2f/([a„_ 1 ,a n )). (6) 
Write /3 n = z/([a n , a n +i)). Notice that by ©, 

E^ll/ll^ </ \f(z)\ P dv = J2 / + 

nGZ a ™ +1 i/C-f. n£Z J-ooJ[a n ,a n+1 ) 

£/y/u^ <(2«) 3 ^/3„ii/ii^ . 



/ ^ ''!!•' ! / / ' ' ~ ' ' 



Thus both (Enez^ll/llfH- and (Enez/5n||/||^ ) 1/p give us equivalent 

a n+l " a i 

expressions for the A^-norm. In addition, notice that if /i, ^ satisfy the Carleson- 
type Condition ([3]), then also fj,, X^nez/^'W sa ^isfy the condition with the 
same constant C. Therefore, we assume without loss of generality that 
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where 5 an denotes the Dirac measure at a n . For simplicity of notation we will 
also assume that the constant C in the condition ([3]) equals 1. 
Our next step is a decomposition of fi into ^ ne ^^n, where each \i n satisfies 
the Carleson-type condition ([3]) with respect to u n = j3 n 5 an ® A. 

Lemma 2.2 Let N G Z and suppose that \i is supported on the closed half- 
plane Ca N - Then there exist positive regular Borel measures [A n , n > N , such 
that 

1. 

oo 
n=N 

2. 

fi n is supported on the closed half-plane C Qn ; (8) 

3. There exists a constant C' > such that for all intervals I C iR, 

N 

Vn(Qi)<c'MQi) (n>N), m(Qi)<C ^ u k (Qi). (9) 

fc=— oo 



Moreover, fi n is a Carleson measure for the shifted half plane C an _ 1 , with Car- 
leson constant 

Con-A^n) < — Pn (n > N), C ajv _ 1 (^ A r) < — ^ fi k , 

k=—oo 

where c is the constant appearing in the definition of the sequence (a n ) above. 

Proof of the lemma: First, we prove that fj, n , n > N, exist, satisfying 
Conditions ([7j), © and ©. By replacing with (X^L-oo fin)o~a N ® A, we can 
assume without loss of generality that ^ is supported on C aN . 
We begin by constructing a family of Carleson rectangles, on which (|9|) can 
be checked. Fix a dyadic grid T>n of half-open intervals in iW with minimal 
intervals of length a at, and denote these intervals on length a at as intervals 
of generation 0. The remaining intervals in the family P/v will be parents, 
grandparents, etc of the minimal intervals. 
We can assume without loss that 

C <i--L (10) 

By ©, 

. O-N+k 
O-N+k+l d. -z 

1 — c 

for any k > 0. If 

. a N+k 
dN+k+1 > 7J To, 

(1 - cY 
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we choose an integer I > 2 such that 



1-C V a N+k J (1 - c) 2 

and add I — 1 intermediate points 

ia N+k , . . . ,'y l ^ 1 a N+k 

between a^+k and ajv+fe+i- I n this way, we create a strictly increasing sequence 
(bj)j>o such that bo = ajy, all terms of the sequence (a n ) n >N appear as terms 
of the sequence (bj)j>o, and 

1 1 

bj < b j+1 < ^bj for all j. (11) 

1 — c (1 — cj z 

The family T of Carleson squares we want to consider is formed by rectangles 
of the form (0, frj+i) x /, where I £ Pjv, j > 0, for which the eccentricity is 
bounded above and below by 

^<W £ ^ (12) 

Such a rectangle is denoted by Qij- Note that by (fTT]) and (fTU|) . for each / 6 Pat 
there exits j > with (|12p . and for each j > there exists exactly one size of 
intervals I in T>n such that (jl2fl holds. Note that different Carleson squares 
in this family T can have the same base I £ T>n. It is easy to see that any 
Carleson square Q over an interval in iM can be covered by a bounded number 
of elements in J 7 , with comparable base length. Therefore, up to a possible 
change of constant, it is sufficient to check the Carleson- type conditions ([3]) and 
([9]) on the elements of T. 

The family T gives rise to a family T of right halves of the Carleson rectangles 
in J 7 , which we will call tiles, and which will form a decomposition of the 
closed half plane C aN into disjoint sets. These are rectangles of the form Tj j = 
[bj,bj+i) x I, where Qij G J 7 , see Figure [TJ 

We say that an interval I £ T>n belongs to generation j, if it is the base for 
a Carleson square Qij £ T . Thus each I £ T>n belongs to at least one, and 
possibly more than one, generation. 

The idea of the construction below is to define as the "largest possible part" 
of fx which can be dominated by vn, in terms of Condition ([9|). Recall that by 
the Carleson-type Condition ([3]) we are given, we have in particular 

K T i,o) = KQifi) < v(Qi,o) = vn{Qi,q) 

for all intervals I of generation in P^r- For such intervals, we define the 
remaining part of by 

o i _ m{Qi,o) - M^Xo) i 
l/jvl{aiv}x/ " miQifi) " Nl ^ xI - 

This defines a measure z/Jy on {ajv} x iR. 
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a N = bobi 'b 2 b 3 '6 4 o E 

Figure 1: The tiles T/j 

In the second step, we define a measure uh on {a at} x iWL by letting 



^ivkajvjx/' 



v %(Qi' i) _ A t ( 7 /' l) I -4? /-/n \ ^ (rn \ 
u^iQj, ~) u N\{a N }xI' II VnkQi',V > /4 J /',lj> 

if 4(<9/m) < m(3>m), 







for intervals /' G Pj\r of generation 1. In the next and all following steps, having 
already defined the measure u 3 N on {a^} x iR for some j > 0, we let 



N \{a N }x.J — 
v 3 N {Q j,j+i)-v{Tj,j+i) 
v 3 n (Q.j,j+i) 






VN\{a N }xJ if V 3 N (Qjj + i) > n(Tj d+ i), 

if ^ N (Qj,j+i) < KTjj+i), u^iQjj+i) > 0, 
Vn\{o. n }xJ = °> 

(13) 



if 



for intervals of generation j + 1 in T>n, thereby defining the measure v'J' on 
{ajv} x iR. Depending on which case in (fT3|) appears, we say that (J, j + 1) is 
of type 1, 2 or 3, respectively. We are finally ready to define the measure fijy. 
We start by letting 

Wv|t 7 , = M|Tr,o 
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for intervals / E Pjv of generation 0. For E T, j > 0, let 

i4f(Qij+i) < KTij+^^hiQij+i) > 0, 
v J n\t IiJ+1 = 0. 

Since the tiles in T form a decomposition of C ajv , this defines a measure fiN on 

By construction, we have for each Qjj E J 7 , (I, j) of type 2 or type 3: 

^n(Qij) = vn({cln} x I)- 

If (I, j) is of type 1, then 

fJ>N(Qlj) < ^Af({aAr} X I). 

Hence /ij\r satisfies Condition 3 in Theorem 12,11 with respect to v^. Let us now 
look at the Carleson condition for /i — fi^. 

If is of type 1, then /j,n(Tjj) = fi(Tjj) by construction, and (/x— /zjv)(Tjj) = 
0. Therefore, by decomposing the Carleson square Qij into 

<5/,i = Tjj U [J Qr,j-i 

\J'c/,Q / , J _ 1 e.F 

and iterating if necessary, we see that we have to check Condition 3 only for 
Carleson squares Qjj with (I, j) of type 2 or type 3. But in this case, 

miQlj) = vn({cln} x I) 

and thus by the original Condition 3 in Theorem 12. II for /i and v, fi— satisfies 
Condition 3 with respect to v — vjy, again with constant 1 on Carleson squares 
in T . 

Finally, again by Condition ([3]) in Theorem 12,11 for \l and v, we see that for all 
tiles Tjj contained in the strip {z E C : < Rez < ajv + i}, /^jv|t/j = m|tjj- 
Therefore, fj, — /in is supported on the closed half-plane C ajv+1 . We can now 
make an induction step by applying the same procedure to the measures fi—[AN, 
v — vn with respect to the half-plane C ajv+1 to construct //j\r+i, etc. We thus 
obtain a decomposition 

oo 
n=N 

satisfying the Conditions flTJ), (JSJ) and © in the lemma. 

It remains to be shown that for each n > N, Carleson measure with 

respect to the shifted half-plane C an _ 1 , with the appropriate estimate of the 
Carleson constant. Let Q be a Carleson square in C an _ 1 over the interval /. 
Recall that by Q, there exists C > with fJ, n (Q) < C'u n (Q) for each Carleson 
square Q in C + and that (a n — a n -i) > ca n . 



J+l 



if 

if 



if 
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If the sidelength |/| of Q is less than a n — a n _i, then Q has empty intersection 
with the support of fi n , and n n (Q) = 0. If \I\ > a n — a n _i, then Q can be 
covered by a Carleson square Q in C + with sidelength at most Thus 

UrSQ) < »n(Q) < c'MQ) < C'-/3 n \I\, 

c 

and we obtain the desired result. The result for [An is shown in the same way. 
■ 

Now let / G Au. Note that by the (A2)-condition, each of the norms ||/||#p , 
denoting the norms on the Hardy spaces H p (C an ) of the shifted half planes 
C Qn , is finite. Restricting fi to some closed half-plane C ajv , and using the 
decomposition in Lemma 12.21 we obtain 

\f(z)\^(z) 



OO 



]T I \f(z)Y>dVn(z) 

n=N Jc+ 



< c p ^j2p n \\f\\ p Hi i 

n=N 

„, oo 

< (2 J R) 3 C p -^/3 n _ 1 ||/||^ 

C a n 

n=N 

c' 00 

= {2RfC p — v([a n -i,a r . 

° n=N 



< (2RfC p ^\\f(z)\\ P AP . 



Here, we use that for any / G A„, the map 

/oo 
|/(r + it)\ p dt 
-oo 

is non-increasing. Using that 

/ \f(z)\ p d^z) = sup f_\f(z)fdfi(z), 
Jc+ NezJCa N 

we obtain the desired estimate. 

Now we can finish the proof of the theorem by showing that a sequence of 
positive numbers (a n ) n& x with the required properties ([5]), © exists, and that 
we can also treat the case ^({0}) > 0. Let R be the (A2) constant of the 
measure v, and let F be the function given by, 

F:[0,oo)^M, F(r) = z>([0,r)). 

F is left continuous, and also right continuous up to countably many jumps. 
By the (A2)-condition, 

F(2t) < RF(t), 
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so in particular, a jump of F at t may be no more than (R — l)F(t). 
If i>({0}) = 0, then let for n G Z 

a n = sup{r > : F(r) < (2 J R) 2n }, 

provided that the supremum is finite. If the supremum is infinite, we stop the 
sequence at the corresponding n. 

By the right continuity of F, a n > for all n £ Z, and by the condition on 
jumps of F, 

(2R) 2n > F{a n ) > ]-{2R) 2n 

and therefore 

K%an+i)) (2R) 2n+2 
u([0,a n )) ~ R(2R) 2n ~ 

Hence a n+ \ > 2a n and 

a n+l — Q-n . 1 

a n+ i 2 

Furthermore, 

(2R) 2n (AR - 1) < z>(K, on+i)) = F(a n+1 ) - F(a n ) < (2#) 2n+2 , 

hence 

2R < P {i a "' Q " +1 jj < (2i?) 3 . 
v{[a n -i,a n )) 

If P({0}) / 0, then let a = 0, /3 = ^>({0}), and let 

a n = sup{r > : F{r) < (2i2) 2 ^+%({0})} for rGN. 

We see in the same way as before that properties (J3J) , hold, if we replace 
z>([a ,ai)) by z>((a ,ai)). We write ft = P((a ,ai)) and /3 n = P([a n _i,a n )) for 
n > 2. Then 



oo „ oo 

All/11^ +E^II/II^ ^ / l/(*)l p «M*) ^ A)||/||^ +£ 

n=l n=l 



and the same construction as before applies. If the sequence (a n ) is finite to 
the right, an analogous argument can be made. ■ 

The following proposition is elementary and appears for special cases in [lO^lllj. 
Partial results are also given in [2j [5] . 

Proposition 2.3 Let A 2 be a Zen space, and let w : (0, oo) — > R+ be given by 

/•oo 

w(t) = 2vr / e~ 2rt dD{r) (t > 0). 
J o 

Then the Laplace transform defines an isometric map C : £^(0,00) — > A 2 . 



12 



Note that the existence of the integral is guaranteed by the (A2)-condition. 
Proof: Let / G £2(0, oo). Then 

sup / \Cf(z + e)\ 2 du(z) 

e>0 Jc + 



sup / \\(£f)(e + r + -)\\i 2m di>(r) 
e>0 Jo 

poo 

sup / \\He- {r+ey f)\\h m dHr) 



e>0 Jo 



poo 

sup / 27r|| e -^ +£ )7||i 2(0iOO )^(r) 

e>0 JO 

f'OO f'OO 

sup / |/(t)| 2 27r / e- 2( - r+£ ^dD(r)dt 

e>0 Jo Jo 



\f{t)\ 2 w(t)dt 

o 

by isometry of the Fourier transform and the dominated convergence theorem. 
■ 

Here is a Laplace-Carleson Embedding Theorem, which is an immediate con- 
sequence. 

Theorem 2.4 Let A 2 be a Zen space, v = v dX, and let w : (0, oo) — > R+ be 

given by 

poo 

w(t) = 2vr / e~ 2rt dD{r) (t > 0). (14) 
Jo 

Then the following are equivalent: 

1. The Laplace transform C given by Cf(z) = J °° e~ tz f(t)dt defines a bounded 
linear map 

£:L 2 o (0,oc)^L 2 (C+, / u). 

2. For a sufficiently large N G N, there exists a constant C > such that 

/ {Ct N - x e- Xt )(z) d^i(z)<C |t Ar ~ 1 e _A *| 2 w(t)(it for each A G C + . 
Jc+ Jo 

3. There exists a constant C > such that 

fJ-iQi) < Cu(Qj) for each Carleson square Qj. 

Proof: Noticing that £(t N ~ 1 e~ xt ) is a scalar multiple of (k\) N , this follows 
immediately from Theorem 12.11 ■ 
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2.2 Hankel operators on Zen spaces 

The boundedness of little Hankel operators on weighted Bergman spaces has 
been studied in various settings, see e.g. [2], [31], [15], [29], though mostly 
for standard weights. Generally, boundedness results for Hankel operators are 
often connected to Carleson embedding results, at least concerning sufficient 
conditions for boundedness. 

We will show in this subsection that the boundedness of Hankel operators on 
Zen spaces can be deduced from a Carleson measure condition on the symbol. 
In the case of the Hardy space or the standard- weighted Bergman spaces, this 
condition is also necessary. 

Theorem 2.5 Let A 2 be a Zen space, dv = dv (g) dX. Let b : C + — > C be 
analytic, b G H 2 (C + ). If the measure 

\b'(z)\ 2 RezD([0,Rez))dA(z) (15) 

is a v -Carleson measure on C + , then the little Hankel operator 

Al^Aj, / m. Qjbf 

is bounded. Here, Q u denotes the orthogonal projection Q u : L 2 (C+,dv) — > A 2 . 

Proof: For the proof, we follow the lines of the proof of the Fefferman- 
Stein Duality Theorem in [7]. Suppose that \b'(z)\ 2 Re z i>([0,Re z))dA(z) is 
a ^-Carleson measure and let f,g£ A 2 . Then 

(Qubf,g) Ai = / / b(r + t)f(r + t)g(r + t)dtdi>(r) 

JO JiR 



oc 



JC 



b\z + r)(f(r + -)g(r + ■))' {z) Re zdA(z)dv{r), 



where we use the Littlewood-Paley identity 

\f(r + t)\ 2 dtdu(r) = / \f\z + r)\ 2 RezdA{z)dv(r) 

JiR JO Jc+ 

and its polarization. Now 



oc 



J C 



b'(z + r)/(r + z)g'(r + z) Re zdA(z)dD(r) 



+ 

poo (• 

< (/ / \b'{z + r)\ 2 \f{r + z)\ 2 RezdA{z)dD{r)) 1 l 2 
Jo J c+ 

/ \g'(z + r)\ 2 RezdA(z)dD(r)) 1 / 2 
io Jc + 

/•Re z 

(I \b'(z)\ 2 \f(z)\ 2 [ Reiz-rWrKdAiz)) 1 / 2 



JC 



\g'(z + r)\ 2 RezdA(z)dD(r)) 1/2 



+ 



^ ll/IUgllfi'lUg. 
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since 



/•Re 

|2 



b'(z)\ 2 / Re(z-r)dD(r)dA(z) <\b'{z)\ 2 Rezi>([0,Rez))dA{z) 



o 

and the latter is a z^-Carleson measure. The second term 

Jo°° Jc+ b' (z+r) f {r + z)g(r + z) Re zdA{z)dv{r) is estimated accordingly. Hence 
the Hankel operator is bounded. ■ 

In the case of the Hardy space H 2 (C+), that is, if v is the Dirac measure in 0, 
the Carleson condition on the measure f)15|) is a well-known characterisation of 
the boundedness of the Hankel operator, see e.g. [7]. 

For further applications of the theorem above, recall the Bloch space S(C+) on 
C+, 

B(C+) = | / € Hol(C+) : II/Hb = sup \f'(z)\Rez < oo i . 
Let us consider the following inverse (A2) condition on v: 



. z>([0, Mr)) 
sup mf _ — — > 1. (16) 

Af>ir>0 i/([0,r)) 



Corollary 2.6 Lei A^(C + ) 6e a Zen space with v satisfying the inverse (A2) 
condition l\16\) and let b G £>(C+). T/ien i/ie /ittZe Hankel operator 

A 2 u ^Aj, f^Q u bf 

is bounded. 

Proof: Let b 6 B(C+) and let Qi be a Carleson square. We write F(r) = 
z>([0,r)) for r > 0. Then 



Qi JQi Rez ^0 



1 



Re 2 



&'(z)| 2 Rezz>([0,Rez))cL4(z) < ||6||| / — - / dv{r)dA{z) 

JQi Re z JO 

r\i\ 1 

< 1/1 / -F(s)ds. 
Jo s 



To finish the proof, it remains only to be shown that there exists C > with 

/ —F{s)ds < CF(x) for all x 6 [0, 00). 
jo s 

Choosing M, 7 > 1 with 

r>0 1/( 0, r)) - 
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we find that 



/ -F(s)ds < V / -F(s)ds 

JO s ^ iM-K%S 
00 ^ 

< ^ -(M~ n - M-( n+ ^)xM n+1 F(M- n x) 

n=0 X 

< (m - 1) f; 7 -"f(x) = 7(m _~ 1) f(^). 

n=0 ~ 

Hence the z^-Carleson condition for the measure (|15p in Theorem 12.51 applies, 
and the little Hankel operator is bounded. ■ 

Remark. In the case of the standard weighted Bergman spaces A^(C+) with 
a > —1, we have du(r) = r a dr, and the inverse (A2) condition (I16p holds. It 
is well-known that the little Hankel operator with symbol b is bounded on A^, 
if and only if b € B(C+) (see e.g. [30]). Therefore, the z^-Carleson condition 
for the measure (|15p in Theorem 12.51 respectively the Bloch condition on the 
symbol in Corollary (12. 6j) . are also necessary in this case. 



3 L p — L q embeddings 

As mentioned above, there is no known full characterization of boundedness of 
Laplace-Carleson embeddings 

POO 

Z/(0, 00) -»• L«(C+, /x), f^Cf= / e-t-ftydt. 

Jo 

However, characterizations are possible in case p < 2, if the conjugate index 
satisfies < q, and in some cases with additional information on the support on 
the measure. We list some results for natural spectral inclusion conditions which 
appear naturally which appear naturally in the theory of operator semigroups. 
In the cases we consider here, the oscillatory part of the Laplace transform can 
be discounted, and a full characterization of boundedness can be achieved. 
First, let us make the following simple observation. 

Proposition 3.1 Let p be a positive regular Borel measure on C+, let 1 < 
p, q < 00 and suppose that the Laplace-Carleson embedding 

£: 1/(0, 00) ->L9(C +) /i), f^Cf, 

is well-defined and bounded. Then there exists a constant C Ptq > such that 
for all intervals I C iM, 

KQi) < C p , q \I\ q/p ' ifp > 1, /i(Qj) < C p , q ifp = 1. (17) 

Proof: Let Qj be a Carleson square with centre Xj. Note that 
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and 

|| e -Ar r = _ 1 _ = J_ 
11 " p pRe A/ p|I| 

for 1 < p, q < oo. Hence there exists a constant C VA > such that 
KQi) < C P , q \I\ q/p ' if p > 1 and //(Q/) < C p , g if p = 1. 

This concludes the proof. ■ 
The proposition immediately yields the following theorem: 

Theorem 3.2 Let fi be a positive regular Borel measure supported in the right 
half -plane C + , and let 1 < p' < q < oo, p < 2. Then the following are 
equivalent: 

1. The Laplace-Carleson embedding 

C:U>(0,oo)^L*(C+,ijl), f k> Cf, 
is well-defined and bounded. 

2. There exists a constant C > such that 

n(Qi) < C\I\ q/p ' for all intervals I C iR (18) 

3. There exists a constant C > such that \\Ce~' z \\ L q < C\\e~' z \\L P for all 



z G C. 



Proof: Obviously (1) => (3), and (3) =>■ (2) by the Proposition. 
This leaves (2) (1), which is also easy: By the Hausdorff- Young inequality, 
the map C : L p (0, oo) — > L p (iR) is bounded. By Duren's theorem, the Poisson 
extension LP (iR) — > L^(C+) is bounded, given the Carleson condition ()17p . 
The composition of both gives the boundedness of the Laplace transform C : 
L p (0,oo) — > L q (C + ,n). This concludes the proof. ■ 

The case p > 2 is much more subtle: in particular the Laplace transform no 
longer maps L p (0, oo) into H p (C+). We give two special cases here, that of the 
measure \x being supported in a strip and that of fi being supported in a sector. 



3.1 Sectorial measures 

If the measure \i is supported on a sector S(9) = {z £ C + : | argz| < 6} for 
some < 9 < ^, then the oscillatory part of the Laplace transform can be 
discounted, and a full characterization of boundedness can be achieved (see 
also [9], Theorem 3.2 for an alternative characterization by means of a different 
measure) . 

Theorem 3.3 Let fx be a positive regular Borel measure supported in a sector 
S(9) C C + , < 9 < ^, and let q > p > 1. Then the following are equivalent: 
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1. The Laplace- Carles on embedding 

£:If(0,oo)^L«(C + ,(x), f m- Cf, 
is well-defined and bounded. 

2. There exists a constant C > such that fJ,(Qi) < C\I\ q l p ' for all intervals 
in I C iR which are symmetric about 0. 

3. There exists a constant C > such that \\Ce~' z \\ L q < C\\e~' z \\L P for all 

z g R+. 

4- There exists a constant C > such that \\Ce~' 2 " \\ L i < C||e - ' 2 " \\lp for all 
n G N. 

Proof: (2) => (1) For n G Z, let 

T m = {x + %SC+: 2"" 1 < x < 2 n , -2 n ~ 1 < y < 2™- 1 }. 

That is, T n is the right half of the Carleson square Qi n over the interval /„ = 

{y G R, \y\ < 2 n ~ 1 }. The T n are obviously pairwise disjoint. 

Without loss of generality we assume < 6 < arctan(^), in which case S(8) C 

Un=-oo ± n- 

Now let z G T n for some n G Z. Then we obtain, for / G L p (0, oo), 

/'CXI /'OO 

< / |e-**||/(t)|tft < / \e- 2n - H \\f{t)\dt < C e 2-" +1 M/(2-™ +1 ), 



where C® > is a constant dependent only on the integration kernel 8(i) = 
X[o,oo)(t + l)e _t_1 and M/ is the Hardy-Littlewood maximal function. We 
refer to e.g. [22], page 57, equation (16) for a pointwise estimate between the 
maximal function induced by the kernel and M. We can easily dominate 
by a positive, radial, decreasing L 1 function here. Consequently, 



\Cf(z)\ q d^(z) < Yl 2^-" +1 )(M/(2"" +1 ))V(T n ) 

S ( 9 ) n=-oo 



oo 



< C| V 2 q{ - n+1 h nq/pl (M f{2~ n+1 )) q 

n=—oo 
oo 

= C e Yl 2<?/P ' {1 { ~ n+1) {Mf(2- n+1 y)) q l p 

n=—oo 

/ oo \ q/p 

< C%2 q l p ' 2 ( " n+1) (M/(2- n+1 )) p 

\n=— oo / 

Note that in the case 1 < p < 2, (but not for j> > 2) this result can also easily 
be deduced from the Hausdorff- Young inequality and Duren's Theorem [3]. 
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(4) => (2) Let / C zR be an interval which is symmetric about 0. We can assume 
without loss that |/| = 2 n . It is easy to see that 



\(£e- 2 -)(z) 

Thus 



1 



+ z 



> — — - for z G Qj. 



< C(2 n+1 ) 9 ||e _2 ™ _1 ' II 9 w 2 nq 2~ nq / p = 2 nq / p ' 
(1) => (3) and (3) (4) are obvious. ■ 

Remark 3.4 Let [i, 9, p and q be as in Theorem \3.3[ In [9], Theorem 3.2, es- 
sentially the equivalence of the following statements is shown for discrete mea- 
sures: 

1. The Laplace- Carles on embedding 

C:L p (R + )^L q (C + ^), f^Cf, 
is well-defined and bounded. 

2. There exists a constant C > such that fi(Qi) < C\I\ q / p for all intervals 
in I C iR which are symmetric about 0, where dfi(z) = \z\ q d/j,(^). 

The proof also uses the method of the maximal function. 

Now let us consider the case p > q for sectorial measures \x. We will, among 
others, obtain a condition in terms of the balayage of /i (compare this with 
the characterization of bounded H P (C + ) — > L q (C + ,fi) embeddings for p > q 
in [IT]). Recall that the balayage of a positive Borel measure fi on C+ is 
given by S^(t) = J c p z (t)dfj,(z), where p z is the Poisson kernel, defined in the 
introduction as 

= -^TTT — 7^2' {z = x + iy £ C+, i G R). 
7r ar + (y — ty 

To look at a dyadic version, let 

T n = {x + iy G C+ : 2 71 ' 1 < x < 2 n , -T~ x <y< 2 n - 1 } 

as in the previous proof, and for k G Z, let T n ^ = T n + ik2 n , so the T n ^ are the 
translates of T n parallel to the imaginary axis. Similarly, let I n = J n + fc2 n 
be the translates of L n := {y G R : |y| < 2 n ~ 1 }. The {T njA . : n, fc G Z} then 
form a dyadic tiling of the right half plane. We write S n = Uk&Tn,k = {z G 
C : 2"- 1 < Rez < 2 n }. Let 

n,fe£Z 
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is called the dyadic balayage of fi. Note that < 2ttS^ pointwise, since 

„ CO CO „ 

S^(t)= Pz (t)dn(z)> Y, E *!„,*(*) / P'WM*) 

J<C + n=-oofc=-oo T ™. fe 

OO CO ,i(T \ 

> E E Jnf {p,(t)}M(r„ >fc ) > 5- E X^W^? 2 - (19) 



n=— co fc= — co 



In the special case that /j, is sectorial with opening angle 9 < tt/2, the measure 
\x is supported on U„ e zT n , and we get a particularly simple form of the dyadic 
balayage S^, namely 



CO CO /rr , \ CO 



st(t)= E xiM^ = E E x W - 1 (*)^5¥ z = E^(*) ! 

fc=0n=-oo fc=0 



n=— co 

where 



^fcC*) - E ^-it^L?' - ^,o( 2 ^)- 

)k a1 

t G J„\J„_i. Then 



n=— co 



Let us now look at an estimate from above for in terms of the S^ k . Let 



maxp 2 m < J ^ * n > k > 
if n<fc. 



This easily implies that for t G I n \I n -i, 



if- 1 2 n+j °° 1 \ 

\j=-oo j=0 J 

if 2 2 i ^ Tn+ ^ I v( T n+j) ] 

vr I 2^ 2™+-?' ^ 2 n +J I 

y=-oo jr'=0 / 



1 

7T 



-1 co 



£ 2^^ i0 (2^) + ^^ (2^)]. 

ij=-co j=0 



Hence, for t £ 



S ^ ^ I I E 2 2 ^ i0 (2^) + f;^ i0 (2^)) (20) 
y=-oo j=o / 

= l( E 2 2 ^ i0 (2^) + ^)] . 

\j=-oo y 

Theorem 3.5 Let /j, be a positive regular Borel measure supported in a sector 
S(9) C C+, < 6 < | and let 1 < q < p < oo. Then the following are 
equivalent: 
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1. The embedding 

is well-defined and bounded. 

2. The sequence (2~^ '//(£„)) is in^N(Z). 

3. The sequence (2 n /P\\Ck 2 n \\ L « ) is in £«»/0p-9)(Z). 
If p' < q, then the above is also equivalent to 

4. t*<?-PVPSp€ (R). 

Remark. If p' > q, then the sweep Sn may be infinite everywhere, so we cannot 
expect a characterisation in terms of Sa- 

Proof: We will start by showing (2) => (1). Recall that S(6) is contained in 
UJTfcez |fc|<JV-^n,A f° r some N G N. Suppose that (2) holds. Now as in the proof 
of Theorem 13.31 we obtain for z £ S n 

poo roo 

\Cf(z)\ < / \e- zt \\f(t)\dt < / \e- 2n - H \\f(t)\dt < C e 2- n+1 Mf(2~ n+1 ). 
Jo Jo 

Note that %i_ n M f(2- n+1 ) < xi- n Mf. Consequently 
\£f(z)\*dn(z) 
< ^2 2^- n +^Mf(2- n+1 y f i(S n ) 



+ 

oo 



n=—oo 
oo 



Y 2 q( -- n+1 ^Mf(2- n+l ) q ii(S n 



n=—oo 

/ oo \ l/P / OO \ 1 /(P/lY 

(p/q)' 



< 2(- n+1 )M/(2-" +1 )P 2W' / X- n+1 '>W*Y h(S. 

\n=— oo J \n=— oo 

< H/lliplKa^M^n))!!^)/ 



by the boundedness of the Hardy-Littlewood maximal function on L p (0, oo). 
(1) (2) For A > we write k\ for the L p (0,oo) function given by 

k x [t) = A 1/p e- A * (* > 0), 

noting that H&aIIw x 1. 

From a result of Gurarii and Macaev in [8], it can be deduced that 

nGZ 
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for any F sequence (a n ). 

More precisely, we claim that there are constants A, B > such that for all 
scalars we have 



A^2\a n \P< 



< 



By^\a n \ 



By the change of variable x = e * we have 

p 



JO 



/p x 2 n -l/p 



dx. 



Recall that a sequence (rrij) is a lacunary sequence if inf mj+x/rrij = r > 1. 
Now, the result of Gurarh and Macaev in [8] asserts the following: If (rij + 1/p) 
is lacunary, then the sequence of functions (t i— > (rij + l/p) 1//p t™ J ) in L p (0, 1) is 
equivalent to the standard basis of i p . 

Writing rij = 2 3 — 1/p for j G Z, we have the conditions of the Gurarh-Macaev 
theorem, and the claim follows. 

Now, denoting by (O, dU) the probability space of sequences (e n ) taking values 
in —1, 1 with equal probability, equipped with the standard product u-algebra 
and probability measure, we obtain 



J-' it. 



Jc + Jn V 2 ^ 



+ Z 
1 



dyu(.z)df2(£) 

\ 9/2 



2™ + z 



= 2K|'2^(5 B ). 



dfi(z) 
a/2 



dfi(z) 



Here, we have used the fact that is supported in a sector S'(6) in the last 
inequality. Thus (2~ nqlv ' m (5„)) is a /(p/ 1 ?)' sequence, and we have proved the 
desired implication. 

A simple argument, again using sectoriality, shows that 



Hence (3) => (2). 
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For (1) => (3), note that for any n, 

Re Ck 2 n > | Ck 2 n (z)\ for z £ S(6). 
Hence for any sequence (a n ) G a n > for all n, 



q < 



C+ 



< 



< 



n Hp 



by (I2ip . This proves the equivalence of the first three statements. 
(2) =>• (4) Again, we can assume without loss that < 9 < ir/2, in which 
case S(9) C U^ D = „ 00 T n . If ^(s-p)/?^ g lp/p-^r), t h en by (H) t 9(2_p)/p ^ G 
LP/(p-ff)(R), and 

oo 
n=—oo 

= V 2"2-" fo - 2)q/(p -' ?) / i ( 5 ") P/(P ~ g) 



n=— co 
oo 



^-(p- 2 )<?/P5 rf o 



71= — CO + 1 V" 

||r^%/^ )0 ||^-j<oo. 



p/ip-q) 



dt 



Thus (2) holds. 

Conversely, if (2~ n<? / p V(^n)) G then r^-^S^ G L p / p - g (M) by the 

above calculation. By (f2"Uj) . 



\\f-(p-2)q/pq II 

ll 1 j mIIp/(p-<?) 

< i(\\ t -(p-^/P S ^t)\\ p/{p _ q) + y, 2 2k \\t- iP ~ 2)q/p sU 2kt )\Up-^ 



k=—oo 



One sees easily that 
2 2k \\t~( p ~ 2 ' lq / p S d o(2 fc i)||p/( p <j) = 2 2fc 2~ fc ^ p ~ IJ ^ p 2' c ^ _2 ' ) ' J / p ||t _< - p ~ 2 - l ' ? / p S' d ollp/O g) 

._ r > k(q+l-q/p)u f -(p-2)q/pqd II 

— z ll E o p,0llp/(p-g)! 
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thus the second term in the sum converges and is controlled by the expression 
|| t -(p-2) g /(p- g )£d For the firgt ternii write 



n+k) 



2~n+k 

n ~ k=0 n 

as before. For each k > 0, it follows that 

p/(p-q) 



dt 



< 



i+k 

2ri2nq(2-p)/{p-q) 2-{n+k)p/(p-q) ^(rp^^p/ (p-q) 
n 

— ^2 2 n ( q / p ~ q+1 } p /( p ~ q }2~( n+k ^ p /( p ~ q ^ fi(T n+ k) p ^ p ~ qS) 

n 

= 2 n ^ ,J / p ' +1 ^ p ^ p_ ^2 _ ^ n+fc - )p ^ p_9 ^/i(r n+ fc) p / < - p ~' ? ' ) 

n 

= 2~ fc ( 1 ~ ij / p ^ p// ( p ~' ? ) 2 <w+fc ) ( ~ g / p ') p /( p ~ g ) n(T n+k ) p /( p ~ q } 

n 

< 2~ klyX ~ q l p '} p l ly ' p ~ q) 
Hence r^ 2 )^^ G L p ^P~ q) (R). This concludes the proof. ■ 

3.2 A counterexample 

Let /i denote the measure on the interval [l,oo) defined by dfj,(x) = dxj^fx. 
Clearly, /i is sectorial and contained in a shifted half-plane. Moreover \i satisfies 
the estimate that for a Carleson square Q of size h one has fj,(Q) < 2h 1 ' 2 . 
Nonetheless, the Laplace-Carleson embedding C : L 2 (0,oo) — > L l ([x) is un- 
bounded (or equivalently, in this case, the Carleson embedding H 2 (C + ) — > 
L 1 (/i) is unbounded). This can be seen by noting that fi does not satisfy the 
condition of [181 Theorem C], since the function t \-t J r ^ x^d^x) behaves as 

x -1 / 2 and thus does not lie in L 2 . (Here T(t) may be taken to be the interval 
[t,oo).) 

It is constructive to give an explicit counterexample, following the reasoning of 
the proof of [18, Theorem C]. (Note that counterexamples in the case of the 
disc are simpler, and can be found in |24|.) 
Define 4> : R -)• R by 



1 if |*| < 1, 

t-V 2 (l + log|t|)- 1 if|t|>l. 



Thus <j) G L 2 (R) and there is a function F £ H 2 with ReF(it) = cj>(t). Now, if 
F G L 1 ^) we would have 



ReFdfi< / \F\dfi <oo, 
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from which, as in [18] we could conclude (by writing Rei ? (x,0) in terms of the 
Poisson kernel) that 



^(*) / 9 X ,9 ^7= dt < 



OO 



I X 2 + t 2 y/x 



and hence 



r°° r°° x dx 

<Ki)|tr 1/2 dt = ^(*) / ^^dt<A<oo, 

J-oo J\t\ 

which is a contradiction. 

3.3 Measures supported in a strip 

Theorem 3.6 Let [i be a positive regular Borel measure supported in a strip 
C aii a 2 = {z G C : 02 > Re z > a{\ for some a2 > ct\ > 0, and let 1 < p' < q < 
oo, q > 2. Then the following are equivalent: 

1. The embedding 

£:LP(0,oc)^L<7(C + ,/i), / ^ Cf, 

is well-defined and bounded, with a bound only depending on the Carleson- 
Duren constant C and the ratio —. 

2. There exists a constant C > such that 

H(Qi) < C\I\ q/p ' for all intervals I C iR. (22) 

3. There exists a constant C > such that \\£e~' z \\ L <i < C||e - ' Z ||£P for all 

ft 

Z G &cti,ct2 • 

Proof: Again, obviously (1) => (3). To show (3) => (2), we have to remember 
that the argument in Proposition 13.11 only works for Carleson squares Qi with 
centre A/ G C ai)Q2 . Any Carleson square with centre A/ G C ai / Sj(X2 can be 
covered by a Carleson square of at most triple sidelength with centre in C aijQ2 , 
any Carleson square with centre in Xj G Co )Ql /3 has nonempty intersection 
with the support of fi. If Qj is a Carleson square with centre Xj G C Q2 , then 



its intersection with the support of \i can be covered by at most 
Carleson squares with centre in C aiol2 . Hence 



!2 

2RcAj 

«2 



+ 1 



KQj) < ~4 /p ' < \A p,q '- 

OL2 



This leaves (2) (1). 

Consider the line parallel to the imaginary axis iR + ot\/2. Note that 

£:L P (R + )^ L 2 (iR + ^-) 
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is bounded, since 

\\Cf\y m+ ^) = \\C(e-^f)\\ L , m = ||e-/ 2t /|k 



p/(p-2)l\J l\P ~ "1 IU IIP" 

Since the measure [i is supported in C QliQ2 , by the Carleson condition (fT71) we 
have for each Carleson square in Qj = {z G C : ilmz G I,a\/2 < Rez < 
ai/2 + |/|} inC +jQl/2 : 

M(Qj) < C|/|^' < C \I\^'- 1 ^\I\ q ' 2 < Caf /p '- 1/2) |/| 9/2 . 
Thus the Poisson embedding 

is bounded by Duren's Theorem, with constant Ca^ p . Again, composing 
both maps yields the Laplace transform 

— i/2-i/p / \V 2 -Vp 
with norm bound Ca 1 2p a 2 = C ' — 



3.4 Sobolev spaces 

In this subsection, we will be interested in embeddings 

7^(0,oo) ^L p (C+, M ), 

where for /? > the space "Hj|(0, 00) is given by 

f f°° rl 

Hj(0,oo) = |/G ^ |(_)^(t)|Pdt<oo 

11/11^ = \\f\\ p P +\\(^rf\\ p P - 

Here is defined clS cl fractional derivative via the Fourier transform. 

It is now easy to find versions of Theorems 13.31 and 13.51 for Sobolev spaces. 

Corollary 3.7 Let \i be a positive Borel measure supported in a sector S(8) C 
C+, < 9 < \, and let q > p > 1. Then the following are equivalent: 

1. The embedding 

£:^(0,oo)^L«(C + , M ), /•"►£/, 
is well-defined and bounded. 

2. There exists a constant C > such that n q p(Qi) < C\I\ g / p ' for all 
intervals in I C iK which are symmetric about 0. Here, d/j, q ^(z) = 
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3. There exists a constant C > such that \\Ce z ||l9 < C\\e ' 2 ||%p for all 
z G R + . 

Proof: Follows immediately from Theorem 13.31 and basic properties of the 
Laplace transform. ■ 



Corollary 3.8 Let \x be a 'positive regular Borel measure supported in a sector 
S{9) cC + ,0<9<f and let 1 < q < p, /3 > 0. Suppose that S^ q E U>/<P-i) . 
Then the embedding 

£:W5(0,oo)->L9(C + ,m), /->£/, 
is well-defined and bounded. 

Proof: Follows immediately from Theorem I3.5I ■ 

Laplace-Carleson embeddings of Sobolev spaces H 2 are easily understood by 
means of Theorem ll.lt 

Theorem 3.9 Let fi be a positive Borel measure on the right half plane C + 
and let f3 > 0. Then the following are equivalent: 

1. The Laplace-Carleson embedding 

^(0,oo)^L 2 (C + ,//) 

is bounded. 

2. The measure |1 + z\~ 2 @ dfi(z) is a Carleson measure on C+. 

Proof: The proof is a simple reduction to the Carleson embedding theorem. 
Note that the map 

H}(R + ) ^ H 2 (C + ), f^{l + z fCf, 

is an isomorphism. The remainder follows from the holomorphy of (1 + z)^ and 
Cf on C+, and a density argument. ■ 



4 An application 

Suppose that we are given a Co-semigroup (T(t))t>o defined on a Hilbert space 
H, with infinitesimal generator A, and consider the system 

= Ax(t) + Bu(t), x(0) = a? 0l t > 0. (23) 

Here E C is the input at time t, and £? : C — )■ Z)(j4*)', the control operator. 
We write for the completion of -ff with respect to the norm 

= IK/ 3 - A^xWh, 
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for any (3 G p(A). To guarantee that the state x(t) lies in H one asks that 
B G C(C,D(A*)') and 



T{t)Bu{t) dt 



H 



< m 11^1^2(0,00) 



for some mo > (the admissibility condition for B). The Co-semigroup 
(T(t))t>o has an extension to D(A*)'. 

We refer to the survey |13] and the book |25| for the basic background to 
admissibility in the context of well-posed systems. For diagonal semigroups, 
it is linked with the theory of Carleson measures as in [12} 126] : if A has a 
Riesz basis of eigenvectors, with eigenvalues (A&), then a scalar control operator 
corresponding to a sequence (bk) is admissible if and only if the measure 



E 



is a Carleson measure for H 2 (C + ). An extension to normal semigroups has also 
been made [27]. 

Generalizations to a- admissibility, in which u lies in L 2 (0, co; t a dt) for —1 < 
a < 0, were studied by Wynn [28J. He used the fact that the Laplace transform 
maps L 2 (0, oo; t a dt) to a weighted Bergman space, for which a Carleson mea- 
sure theorem is known. The results above enable us to take this generalization 
further, considering admissibility in the sense of the input lying in much more 
general spaces L 2 (0, oo; w(t) dt). 



Assume that 1 < q < oo and the semigroup (T(t))t>o acts on a Banach space 
X with a g-Riesz basis of eigenvectors (<ftk)', that is, T(t)<j)f. = e Afc '0fc for each 
k, and (4>k) is a a Schauder basis of X such that for some Ci, C% > we have 



C\ ^2 \a k \ q < || y^afc 



q <C 2 ^\a f ,\ 



for all sequences (afe) in i q . Without loss of generality X = £ q and the eigen- 
vectors of the generator of (T(t))t>o, denoted by A, are the canonical basis of 
t q . Suppose also that we have a Banach space Z of functions on (0, oo), either 
an LP space or a weighted space L 2 (0, oo; w(t)dt), whose dual space Z* can be 
regarded, respectively, as either LP (0, oo) or in a natural 

way. 

The following general result appears in ]14j . 

Theorem 4.1 Let B be a linear bounded map from C to D{A*)' corresponding 
to the sequence (bk)- The control operator B is Z-admissible for (T{t))t>o, that 
is, there is a constant tjiq > such that 



T(t)Bu{t) dt 



< ""iolMU) u £ z, 



X 



if and only if the Laplace transform induces a continuous mapping from Z into 
L q (C + ,dp), where p is the measure IM 9( ^-A fc - 

This gives a direct application of our results on Laplace-Carleson embeddings: 
full details are given in 
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